Abstract
Introduction
In ( [1] ) Albert constructed Albert division algebras that contain cubic cyclic subfields. In the same paper, the question whether all Albert division algebras contain cubic cyclic subfields was raised. This question derives its significance from the theory of cyclic compositions (see [4] , [11] ).
In ( [8] ), Petersson and Racine answered this in the affirmative when the base field contains all cube roots of unity and in ( [6] ), Petersson proved that Albert division algebras contains cubic cyclic subfields when the base field has characteristic 3. The problem remains open over base fields having characteristic not 3.
We prove in this paper that for any Albert division algebra A over a field k of arbitrary characteristic, there is an isotope which contains a cubic cyclic subfield. Recall that for an Albert algebra A defined over a field k, the full group Aut(A) of k-algebra automorphisms is a simple algebraic group of type F 4 defined over k and all simple algebraic groups of type F 4 arise like this. The full group Str(A) of norm similarities of A, called the structure group of A, is a reductive algebraic group of type E 6 defined over k and its semisimple part is the full group Isom(A) of norm isometries of A, which is simple and simply connected.
In ( [2] ), it was shown that an Albert division algebra A over a field k contains a cubic cyclic subfield if and only if its automorphism group Aut(A) has a subgroup of type 3 D 4 defined over k. As a consequence of our cyclicity result, it follows that for any Albert division algebra A defined over a field k, its structure group Str(A) contains a subgroup of type 3 D 4 defined over k.
Cohomological invariants of Albert algebras
In this section we briefly recall the definitions of the mod-2 and mod-3 Galois cohomological invariants of Albert algebras. For details on Albert algebras and their cohomological invariants, we refer the reader to the survey article ( [5] ) or to ( [4] ). Given an Albert algebra A over a field k, the mod-2 invariant f 3 (A) ∈ H 3 (k, Z/2Z) is defined as the Arason invariant of the norm form n C of the octonion algebra C of A, i.e. the coordinate algebra of the reduced model of A (see [9] ). Let the reduced model of A be written as H 3 (C, Γ) (see [9] 
is a first Tits construction Albert algebra, for a degree 3 central simple algebra D over k and µ ∈ k * , we set
. Let A = J(B, σ, u, µ) be a second Tits construction Albert algebra, where (B, σ) is a degree 3 central simple algebra with an involution σ of the second kind over its centre Z(B) = K, a quadratić etale extension of k and (u, µ) is an admissible pair in B * × K * , i.e. u is a σ-symmetric unit with N B (u) = N K (µ), here N B is the reduced norm map on B and N K is the norm map on K. We define
It is known that A is a first Tits construction if and only if f 3 (A) = 0 (see [4] , 40.5). It is also known that A is reduced (i.e. is not a division algebra, or equivalently, has zero divisors) if and only if g 3 (A) = 0 (see [4] 
A construction
In this section, we recall a construction from ( [12] ). Let A be an Albert division algebra. Assume f 3 (A) = 0, i.e., A is not a first construction. Then we can write A = J(B, σ, u, µ) for a degree 3 central division algebra B over a quadratic field extension K of k, with σ an involution of the second kind over K/k and a suitable admissible pair (u, µ) (see [5] ). Since A is a division algebra, µ / ∈ N B (B * ), N B denotes the reduced norm map on B. By ( [4] and [7] , Th. 2.10), we know that for some unit v ∈ (B, σ) + , the involution σ v := int(v) • σ on B is distinguished (see [7] , 2.6). The Albert algebra A ′ = J(B, σ v , 1, µ) is a division algebra since µ / ∈ N B (B * ) and f 3 (A ′ ) = f 3 ((B, σ v )) = 0 (see [12] ). Hence A ′ is a first Tits construction and hence has zero mod-2 invariants. Also
Cyclicity of Albert division algebras
In this section we state and prove the main theorem of the paper. We recall the classical theorem of Wedderburn that any degree 3 central division algebra over a field k is cyclic, i.e. contains a cubic cyclic subfield. Also note that if A = J(D, µ) is a first Tits construction Albert division algebra over k, then A contains the special Jordan algebra D + as a subalgebra and hence A contains a cubic cyclic subfield. We also recall at this stage that for a first Tits construction Albert algebra A, all isotopes of A are isomorphic to A (see [10] ).
Theorem 4.1. Let A be an Albert division algebra over a field k, of arbitrary characteristic. There exists an isotope A (w) of A such that f 5 (A (w) ) = 0 and which contains a cubic cyclic extension of k as a subalgebra.
Proof. By the construction in §3, there is a first Tits construction Albert division algebra
By passing to an isotope, if necessary, we may assume a 0 is either 0 or 1. We may further assume, using the structure theory of degree 3 Jordan algebras (see [3] or [7] ), that the subalgebra < a 1 , a 2 > of A generated by a 1 , a 2 is 9-dimensional and hence we may write < a 1 , a 2 >= (B, σ) + for some degree 3 central division algebra (B, σ) with an involution σ of the second kind over its centre K/k, a quadratic separable extension of k. We therefore can write A = J(B, σ, u, µ) for suitable admissible pair (u, µ). Since x ∈ (B, σ) + ⊗ k L, (B, σ) + ⊗ k L has a zero divisor and hence is reduced, i.e. B ⊗ K LK is split. It follows that B ⊃ LK ⊃ L ⊃ k. By ( [7] , Th. 2.10), there is w ∈ (B, σ) + such that σ w is distinguished and (B, σ w ) + contains an isomorphic copy of L. Hence A (w) = J(B, σ w , uw # , N(w)µ) contains L as a subalgebra, since L ⊂ (B, σ w ) + . Also, since σ w is distinguished, the isotope A (w) of A has f 5 (A (w) ) = 0 (see [4] , 40.7).
Corollary 4.1. Let A be an Albert division algebra over a field k such that all its isotopes are isomorphic. Then A is cyclic and f 5 (A) = 0.
Proof. By the theorem above, A has an isotope that is cyclic. Hence the hypothesis on A implies that A itself is cyclic. Since the invariant f 5 vanishes for a suitable isotope of A, it follows that f 5 (A) = 0. 
